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Re´sume´ :
Dans ce travail, on pre´sente une analyse de Fourier a` double e´chelle en 2D pour l’e´tude de l’interaction
entre les instabilite´s locales et globales. De cette manie`re on transforme un mode`le 2D microscopique de
poutre sandwich en un mode`le 2D macroscopique de poutre sandwich et de cette manie`re seule l’enve-
loppe de l’instabilite´ est e´value´e nume´riquement. Ce nouveau mode`le 2D macroscopique des structures
sandwich est re´solue par la Me´thode Asymptotique Nume´rique [7]. Le mode`le 2D base´ sur une analyse
de Fourier a` double e´chelle est compare´e au mode`le 1D base´ sur une analyse de Fourier a` double
e´chelle de la re´fe´rence [8] et au mode`le microscopique de de´part.
Abstract :
In this paper, we present a 2D Fourier double scale analysis of global-local instability interaction in
sandwich structures. By this way, a 2D microscopical sandwich model is transformed into a new 2D
macroscopical one and only the envelopes of instability patterns are numerically evaluated. This new
nonlinear macroscopic 2D model of sandwich structures is then solved by the Asymptotic Numerical
Method ANM [7]. The proposed 2D Fourier double scale model of sandwich structures is compared
with the 1D Fourier double scale model of sandwich structures of Liu et al. [8] and with the 2D
microscopical model.
Mots clefs : Macroscopical model ; Fourier double scale analysis ; buckling wrinkling
interaction.
1 Introduction
In sandwich structures, with a soft core and stiff skins, under in-plane compressive loading, global
buckling of the whole structure and/or local wrinkling on the skin can occur. Several works have
been developed to investigate the buckling and post-buckling behavior of sandwich structures [1, 2].
The bifurcation analysis according to the Landau-Ginzburg equation can be used to study these
instabilities, which follows from an asymptotic double scale analysis. This bifurcation equation is valid
only close to the critical state and it is not able to account for the coupling between a global nonlinear
behavior and the appearance of wrinkles.
A new approach has been presented by Damil and Potier-Ferry [3, 4, 5] that is based on the concept of
Fourier series with slowly varying coefficients. The obtained models are consistent with the Landau-
Ginzburg theory, but they may also remain valid away from the bifurcation point and the coupling
between global and local instabilities can be accounted for.
In this paper, we present a Fourier double scale analysis to study the interaction of local wrinkling
and global buckling of 2D sandwich structures. By this way, a 2D microscopical sandwich model
is transformed into a new 2D macroscopical one and only the envelopes of instability patterns are
numerically evaluated. This new nonlinear macroscopic 2D model of sandwich structures is then
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solved by the Asymptotic Numerical Method ANM [7]. The proposed 2D Fourier double scale model
of sandwich structures is validated by comparison with the 1D Fourier double scale model of sandwich
structures of Liu et al. [8] and the 2D microscopical model. Accurate results have been obtained.
2 The 2D microscopical sandwich model
Sandwich structures are considered to be plane and two dimensional with a soft core and stiff skins
as shown in figure 1. Let x and z be the longitudinal and the transverse coordinates, hf , hc, and ht
are, respectively, the thickness of the faces (skins), the thickness of the core and the sandwich beam
total thickness. The length of the sandwich beam is denoted by L, Ec, Gc and Es, are respectively
the material parameters for the core transverse normal modulus, the core transverse shear modulus
and the skin Young’s modulus. The derivation of the governing equations of the sandwich structure
is based on the nonlinear 2D elasticity with a linear stress-strain law.
Figure 1 – 2D sandwich beam
With the notations of [6] and neglecting volume forces, the principle of virtual work can be expressed
as : ∫
Ω
t{δγ}{s}dΩ = λ ∫∂Ω t{δu}{Fd}ds, (1)
where {δu} is the virtual displacement, {Fd} is the applied force at the boundary and λ is the load
parameter. The 2nd Piola-Kirchhoff stress {s} and the Green-Lagrange strain {γ} are related by a linear
relationship, while the strain is related to the displacement gradient {θ} by a quadratic relationship :
{s} = [D]{γ} , {γ} = [H]{θ}+ 12 [A(θ)]{θ}. (2)
The equations (1), (2) define the microscopical model. In the next part, the technique of slowly
variable Fourier coefficient will be applied to the above equations and a 2D macroscopical sandwich
model would be deduced.
3 A 2D Macroscopical sandwich model
Let us now apply the same procedure as in Damil and Potier-Ferry [4] in nonlinear elasticity with
a linear stress-strain law (1), (2). We consider the double-scale approach based on the concept of
Fourier series with slowly varying coefficients. We seek nearly periodic responses that vary rapidly in
one direction. This characteristic direction and the period are described by a wave vector {q} that is
assumed to be given. In practice, this vector comes from a linear stability analysis. Thus the vector
< Λ({X}) >=<< u({X}) >,< s({X}) >,< θ({X}) >,< γ({X}) >>, which includes displacement
vector, its gradient, strain and stress tensors, is sought in the form of a Fourier series, whose coefficients
< Λm({X}) >=<< um({X}) >,< sm({X}) >,< θm({X}) >,< γm({X}) >> are varying slowly. For
this application, we keep harmonics up to level 1 :
{Λ({X})} = ∑+1m=−1{Λm({X})}emi<q>{X}. (3)
We choose the wave vector {q} parallel to the t{X} = x < 1, 0, 0 > direction of the sandwich
{q} = q{X}, the wave number q is defined as q = piLq0, in which, L is the length of the sandwich
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and q0 is a chosen wave length (q0 ∈ N, q0 ≥ 2). The macroscopical unknowns < Λm({X}) >, which
denotes the envelope for the mth order harmonic, vary slowly over a period [x, x+ 2piq ].
The principle of virtual work for the 2D macroscopic model. is deduced directly from the principle of
virtual work of the microscopical model (1), by using Parseval’s identity Damil and Potier-Ferry [3].
The deduced principle of virtual work involves the Fourier coefficients of the stress and strain :∫
Ω
∑+1
m=−1
t{δγ−m}{sm}dΩ = λ
∫
∂Ω
∑+1
m=−1
t{δu−m}{fm}dΩ, (4)
where, for simplicity, the boundary terms have been omitted. The left hand side of (4) involves Fourier
coefficients of stress and strain, i.e. macroscopic stresses and strains. One sees that the macroscopical
principle of virtual work has the same shape as in the microscopical model :∫
Ω
t{δΓ}{S}dΩ = λ ∫∂Ω t{δU}{F}dΩ. (5)
Let us remind that every vector of the initial model is replaced by a vector of size three times more
important, because this last vector takes into account the harmonious 0 represented by a real vector
and the harmonious ±q, represented by a complex vector or by two real vectors. The definition of these
generalized vectors : the generalized displacement {U} the generalized stress {S}, the generalized strain
{Γ}, the generalized displacement gradient {Θ} and the generalized force is as follows :
< U > = << u0 >,< u
R
1 >,< u
I
1 >> , < S > = << s0 >,< s
R
1 >,< s
I
1 >>
< Γ > = << γ0 >,< 2γ
R
1 >,< 2γ
I
1 >> , < Θ > = << θ0 >,< θ
R
1 >,< θ
I
1 >>
< F > = << f0 >,< 2f
R
1 >,< 2f
I
1 >>
(6)
The latter procedure is applied to the constitutive law (2). So we get a constitutive law for harmonic
0 (real number) and two constitutive laws for harmonic 1 (complex number), all these equations being
coupled :
[D]−1{s0} = {γ0} = [H]{θ0}+ 12 [A(θ0)]{θ0}+ [A(θ−1)]{θ1}
[D]−1{s1} = {γ1} = [H]{θ1}+ [A(θ0)]{θ1}
(7)
The macroscopic behavior law can be written as follows :
{S} = [Dgen]{Γ} , {Γ} = [Hgen]{Θ}+ 12 [Agen(Θ)]{Θ}, (8)
where
[Dgen] =
 D 0 00 D/2 0
0 0 D/2
 , [Hgen] =
 H 0 00 2H 0
0 0 2H
 , [Agen(Θ)] = 2
 A(θ0)/2 A(θR1 ) A(θI1)A(θR1 ) A(θ0) 0
A(θI1) 0 A(θ0)
 .
Note that the mth component of the displacement gradient is not the gradient of the mth component
of the displacement. The rule defining the Fourier components of a gradient vector is the following :
{∇u}m = {∇(um)}+mi[Q]{um} where [Q] =
( {q} {0}
{0} {q}
)
The equations (5), (8) define the macroscopical sandwich model.
4 Discretisation of the 2D macroscopical sandwich model
Because the macroscopical model has the same form as the microscopical model, it can be discretized
with the same set of shape functions. In the microscopical model, the displacement and its gradient
can be related to nodal variables via two classical interpolation matrices [N ] , [G] :
{u(x, z)}e = [N(x, z)]{v}e , {∇u(x, z)}e = [G(x, z)]{v}e. (9)
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where t{u(x, z)} =< u,w > ; with u and w are the components of the displacement vector. For the
discretisation, we use the 2D−Q8 element with 8 nodes and 2 degrees of freedom by node. Obviously,
the generalized displacement will be expressed in terms of generalized nodal displacement via a block
diagonal matrix : In the same way, we can construct the matrix defining the generalized gradient.
[Ngen] =
 [N ] [0] [0][0] [N ] [0]
[0] [0] [N ]
 , [Ggen] =
 [G] [0] [0][0] [G] −[Q][N ]
[0] [Q][N ] [G]
 (10)
The resolution of the equations (5), (8) is performed by using the Asymptotic Numerical Method
[6]. For the problem considered in this study, all the variables are developed in series. We represent
these variables in a mixed vector. The interval of validity is deduced from the computation of the
truncated vectorial series. The step lengths are computed a posteriori by the estimation which have
been proposed in [7]. By using the evaluation of the series, we obtain a new starting point and define,
in this way, the ANM continuation procedure [7].
5 Results and discussions
The objective is to compare the results obtained by the 2D macroscopic model to 1D macroscopic
model and to the 2D microscopical model in the case of a sandwich beam subjected to a compressive
loading Figure 1. Two examples, whose characteristics are introduced in Table 1, will be tested to
evaluate the model’s ability to capture the winkling and to take into account the coupling between
the local and global instabilities.
Ef (Pa) L(m) Gc(Pa) Ec/Ef hc(m) ht/hc
Example 1 6.9e10 0.5 2.65e6 1.0e−4 9.4e−3 0.033
Example 2 6.9e10 0.5 2.65e6 1.0e−4 8.3e−3 0.1
Table 1 – Geometrical and material parameters of sandwich beams, two examples.
5.1 Global buckling and local wrinkling interaction in 2D sandwich
structures
In this section, we will show the effectiveness of the 2D macroscopic model to take account for global
buckling and local wrinkling interaction modes using beam characteristics of example 1 in Table1.
The wave number of local instabilities is considered equal to q0 = 35. Small transverse perturbation
force, F = 10−5, is applied at the center of the structure in order to follow the bifurcation curve. The
2D microscopical model is discretized by using 1120 (2D − Q8) elements with 160 elements on the
length and 7 elements on the thickness that leads to 7390 DOF. The proposed 2D macroscopic model
is discretized by using 24 (2D − Q8) elements with 6 elements on the length and 3 elements on the
thickness which leads to only 558 DOF.
The boundary conditions for the translating support for the microscopic model is w = 0, at both ends
and for the 2D macroscopic model are w0 = 0, w
I
1 = 0 at both edges.
The non-linear equations of the problem are solved by using the Asymptotic Numerical Method whith
the parameters : the truncation order N = 15, the precision parameter ε = 10−6. The number of steps
to obtain the bifurcation branch of figure 2 is equal to 90 steps for microscopical model and 80 for
both macroscopical 2D and 1D.
In figure 2-a, we compare the bifurcation curves for the 2D macroscopic model and the 2D microscopic
model at (x = L/2, z = (hc + hf )/2). The curve represents the load according to the transverse
movement. It can be seen from figure 2 that the macroscopic model predicts well both 2D bifurcation
points as the 2D microscopic model, it shows also that the 2D macroscopical model is able to describe
local wrinkling and global buckling interaction. This macroscopical 2D model allows better results
than the 1D macroscopic model of reference Liu et al. [8]. Let us note that the number of degrees of
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Figure 2 – Load-displacement curves, comparison of the proposed 2D macroscopic model, the 2D
microscopic model and the 1D macroscopic model of reference Liu et al. [8].
freedom : of the 2D microscopical model is 7390 and the number of degrees of freedhom of the 2D
macroscopical model is only equal to 558.
5.2 The antisymmetrical wrinkling
In this section, we will show the effectiveness of the 2D macroscopic model to capture 2D antisymmetric
modes using beam characteristics of example 2 in Table 1. The boundary conditions are similar to the
previous example and the parameters of the ANM algorithm are : the truncation order N = 15, the
precision parameter ε = 10−6. The number of steps required to obtain the bifurcation branch in figure
3 is equal to 30. These results are obtained with 174 DOF, a small perturbation F/105 is applied
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Figure 3 – Transverse displacement versus the load F for the 7th antisymmetrical wrinkling
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cross the center of the structure. Figure 3-a shows the bifurcation curve of the 7th mode, we find that
the analytical value is close to that found by the 2D macroscopic model, the figure 3-b shows seven
half-wave which corresponds to the mode q0 = 7.
6 Conclusion
This paper applies the technique of slowly variable Fourier coefficients to the global and local buckling
of sandwich structures. A 2D macroscopical model have been proposed, which is able to account
for local global instability interaction in sandwich structure. This technique will be used to analyze,
wrinkling of thin sheets, global–local-coupling instability of inflatable membranes, wrinkling of thin
films on soft substrates by using a DKT element instead of the used 2D −Q8 element.
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